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Abstract 

We study the representation theory of code vertex operator algebras Mb (VOAs) 



constructed from an even binary linear code D in [ M2 j and we then construct VOAs 
V containing a set of mutually orthogonal rational conformal vectors with central 
charge half such that the sum of them is the Virasoro element of V using the repre- 
sentation theory of Mjj. The most famous example of such VOAs is the Moonshine 
VOA VK If a simple VOA V contains such a set of conformal vectors, then V has 
an elementary Abelian automorphism 2-group P generated by involutions given in 



MjJ . As a P-modules, V has a decomposition V = (£> X £i rr (p)V x i n t° the direct 



sum of weight spaces V x of P. It was proved in [DM| that V x is an irreducible 
y lp -module. Therefore, the classification of such a VOA V p and the fusion rules 
of its irreducible modules will determine the structure of V. We will show that 
the fixed point space V lp is isomorphic to a code VOA Mu of some binary linear 
even code D and then study and classify all irreducible Mo-modules and the fusion 
rules of them. Especially, a Hamming code VOA Mh s of [8, 4, 4]-Hamming code H$ 
has a nice property that the tensor product of irreducible module with Z/2-lowest 
weights and an irreducible module is always an irreducible module. Namely, the 
fusion rules of such modules have always a single component. Especially, it de- 
termines a structure of VOA containing a tensor product of Hamming code VOAs 
by its representations. As an application, we show a way of construction of VOA 
from a pair of binary codes satisfying some conditions. The key point is that vertex 
operators of all elements are automatically determined and the VOA structure on 
it is uniquely determined. 



1 Introduction 

The notion of vertex operator algebra (VOA) naturally arises from FLM's construction 
of the moonshine module and Borcherds' insight JBJ], |[FLM|| . A VOA is essentially the 
chiral algebra of a two-dimensional conformal quantum field theory. 
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The most interesting example is the moonshine module = Y^LqVi ■ The construc- 
tion for the moonshine module is treated in the book [ KLM |. On the other hand, the 



simplest example is one of the minimal series of rational VOA 0) with central charge 
|. This is generated by one rational conformal vector with central charge ~. It is known 
as a critical theory of two-dimensional Ising model and it has a relation with the magnetic 
field. Here, a rational VOA means that it has only finitely many irreducible modules and 
any module is a direct sum of irreducible modules. 

For example, L(|, 0) has only three irreducible modules L(|, 0), |), and L(|, 
where the first entry is the central charge and the second denotes the lowest weights. Its 
fusion rules are : 

(1) L(|,0) is identity, 

(2) L(i,i)xL(i,i)=L(i,0) I 

(3) x L(|, jg) = L(|, and 

(4) L(i,I)xL(il) = L(I,0) + L(y). 

The remarkable property of the fusion rules for Ising model is that they give us two binary 
modes: 

which commute with the fusion rules. 

Throughout this paper, we will treat a vertex operator algebra V containing a set 
{e 1 , . . . ,e n } of mutually orthogonal rational conformal vectors e l with central charge | 
such that the sum Yh=i e% °f them is the Virasoro element w of V. The most important 
example is the moonshine VOA V^. It contains mutually orthogonal 48 conformal vectors 



with central charge | IPMZ|| . Since each rational conformal vector e 1 generates a vertex 
operator subalgebra < e* >= L(|, 0), V contains a vertex operator subalgebra 
T = ®" =1 L( 2 -, 0), that is, the tensor product of n copies of L(|,0). We can see V as a 
T-module. It is also proved in |PMZ|| that every irreducible module of tensor product 



VOA is a tensor product of each irreducible modules. Namely, every irreducible T-module 
can be expressed in the form 

®UL{\,V), (1-3) 

where h l is one of 0, |, ^. 

Definition 1 We will call the above n-tuple (h 1 , h n ) of each lowest weights "lowest 
weight row" of L. We will show that T is rational in Corollary 3.1. Let W be a T- 
module. Since dmiW m is finite and the lowest weight Y%=i h % o/®" =1 -^(|, h % ) is less than 
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or equal to \n, we obtain that W is a finite direct sum of such irreducible T -modules. Let 
lwr(T, W) denote the set of all lowest weight rows of irreducible T-submodules of W with 
multiplicities. For each irreducible T-module W with lowest weight row h = {h\ h n ), 
we assign to it a word h = (h 1 , h n ) by h % = 1 if h % = ^ and h l = otherwise. This 
is given by the first binary mode in (1.2). We will call this word "a —word ofW" and 
denote it by h(W). Even if W is not an irreducible T-module, we can use the same 
notation h(W) whenever all irreducible T-submodules ofW have the same word. 



It is proved by the author in |[M1|| that if a vertex operator algebra V contains a 
rational conformal vector e with central charge |, that is, if V contains L(|,0), then we 
get an automorphism r e of VOA V by defining the endomorphism : 



1 on L(±,0)-submodule U = L(~,0) or L{\, ~) 
-1 on L{\, 0)-submodule U ^ L{\ i). 



This automorphism is given by the first binary mode in (1.2). Applying to our case, we 
have an elementary Abelian automorphism 2-group P =< r 6i | i = l,...,n> generated 
by n mutually commutative automorphisms. The fixed point space V p becomes a vertex 
operator subalgebra of V and it coincides with the subspace generated by all irreducible T- 
modules whose lowest weight rows have no entries in them. Such VOAs are constructed 
by the author in ||M2|| as code VOAs Mb from even linear codes D and we will actually 



show that V p is isomorphic to Md for some even binary linear code D in Sec. 4. 3 if V p is 
simple. We note that if V is simple, then so is V p by |DM|. For any linear character \ 



of P, it is proved by Theorem 4.4 in [DM] that the weight space 



v x = {v e v | gv = x{g) v for a11 g £ P} (1-5) 

is a nontrivial irreducible V^-module. Therefore, the classification of such code VOAs 
and their modules becomes important for studying these VOAs. This is our motivation 
of this paper. 

Since every linear character \ of P is given by a map 

X : r ei - (-if (# = 0,1), (1.6) 

it assigns to x a binary word h x = (h 1 , . . . , h n ). Therefore, the component V x is generated 
by all irreducible T-submodules W with ^-word h(W) = h x . The set of all ^-words h x 
of T-submodules in V is closed under the sum and hence it forms a binary linear code S 
of length n. We will show that S is orthogonal to D. 
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One of the main purposes in this paper is to construct a VOA by the reverse way. 
Namely, assume that we are given a suitable pair of binary linear codes D and S satisfy- 
ing the following conditions: 

Hypotheses II 

(1) D and S are both even linear codes. 

(2) (D,S) = 0. 

(3) For any a G S, the weight |a| is a multiple of eight. 

(4) For any a G S, D contains a self-dual subcode E a such that E a is a direct sum 
E a = ®i = iE l a of [8, 4, 4]-Hamming codes E l Q and H a = {(3 G E a : (3 C a} is a direct factor 
of E Q . 

(5) For any two codewords a,j3 G S, we assume 

K a + E{, = K a+ p + E p , (1.7) 

where # a = {/? G D : /3 C a}. 



Under the hypotheses II (1) ~ (5), we will first construct a code VOA Md- One of 
our assumptions is that D contains a lot of [8, 4, 4] -Hamming codes so that we can use 
the representation theory of Hamming code VOA Mhs, which has nice properties as we 
will see in Sec. 5 and Sec. 6. We will next introduce the concept of induced M^-modules 
from M^-modules for CCD. By this concept of induced module, we can define an 
M^-module V a from a suitable M^-module U a for all a G S and assume that V a+l3 is 
a component of the tensor product V a x V 13 for any a, ft G S. We choose U a so that 
ME a © U a has a simple VOA structure on it and assume some commutative condition for 
a pair (V a , V 13 ). Set V = @ a( zsV a - Under these conditions, we will show that the vertex 
operators Y(v,z) G End(V)[[z, z -1 }} for all v G ©ae^V"" are uniquely determined up to 
change of basis and (V,Y) has a VOA structure on it. 



In Sec. 3, we will recall the properties of VOAs. In Sec. 4, we will recall a tensor product 
construction of code VOA by using a vertex operator superalgebra from [M2|. In Sec. 5, 
we will study and classify all irreducible M^-modules. In Sec. 6, we construct a VOA Vhs 
and study the fusion rules. In Sec. 7, we will construct a VOA containing a tensor product 
®V#8 and show that a VOA structure on it is uniquely determined up to change of basis 
by its representations under some conditions. 
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2 Notation 



a = (a i ),/3 = (b i ), 1 

a\f3 i 

\a\ 

D, K 

e 

{e l | i — 1, n} 
{e* |i = l,...,8} 

{*},{/*} 

h = (W) 
h = (h l ) 
h(W) 

H&a),H(±P) 

J \w 2 W 3 ) 

Ind£(C/) 

k 

lwr(T, W) 
L(i,0) 

M 

Mo, Mi 

M a 

M s 

M a 

M s 

M D 



Words. 

Words in (Z 2 ) 8 or (Z 2 ) 8 /H 8 . 

The weight of binary word a = (a 1 ), that is |{i | a 1 — 1}|. 

Even binary linear codes. 

A conformal vector with central charge \. 

A set of mutually orthogonal rational conformal vectors 

with central charge |. 

A set of eight coordinate conformal vectors in Vhs- 

E = (BE 1 . Direct sums of Hamming subcodes. 

The other two sets of mutually orthogonal eight conformal 

vectors in M Hs = Vhs- 

A lowest weight row. 

1 if h} = h 



h l 



if ti = 0, 



A ^-word of h. 



The ^-word of W. 

lb 

The [8, 4, 4]-Hamming code. 

The irreducible V^g-modules, see Def.13 in Sec. 6. 2. 

/ W 1 \ 

The space of intertwining operators of type I ^ 2 ^ 3 J . 

The induced M D -module from an M^-module U, see Sec. 5. 2. 

A central extension {±e k \ k e K] of K by ±1. 

The set of all lowest weight rows, see Def.l. 

The rational Virasoro VOA with central charge |. 

An irreducible 0)-module with lowest weight h. 

A minimal SVOA M = M © M i? see Sec.4.1. 

The even part and the odd part of SVOA M. 

= {® a={a i){M%)®e d . 

= Eaes M a . 

= ® a={ ^){M%. 

A VOA constructed from an even binary linear code D. 
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iV A sufficiently large integer. 

N = {0, 1, 2, • • ■}. The set of nonnegative integers. 

Vi Ui = (O'-^O"-*) = {i}. 

P =<t £i \ i = 1, ...,n>. 

q A lowest weight vector q = ^(e x + e~ x ) G Mj, see (4.9). 

q % A copy of q in M\ see (4.33). 

f = reMk\ if fl * = o 

| = g* G A/g if a* = 1. 

q a ®q a \ See (4.33). 

Q A fT-module. 

Q The field of rational numbers. 

{s a : a & Zl/H$} The other sixteen conformal vectors in Vhs, see (6.3). 

o~ e An automorphism of VOA given by e of type 2, see ||M1[ . 

Support of D = {i| 3 (a*) G D s.t. a* ^ 0} 

T = ®f =1 L(i,0), see Sec.l. 

r e An automorphism of VOA given by e, see [Ml . 

x A fusion rule or a tensor product. 

Vh8 — Mh s . The VOA constructed by H 8 , see Sec. 6. 

w,w l Virasoro elements. 

Y(y, z) = SneQ v n z ~ n ~ 1 - A vertex operator of v. 

Z The ring of integers. 

Z 2 = {0, 1}. The binary field. 

A(x, y) ~ B(x, y) 3 N G N s.t. (x - y) 7V (A(x, - 5(x, y)) = 

(l m (T) = -10 •••()) 

1,1* The vacuum. 



3 Vertex operators 
3.1 Properties of VOAs 

Throughout this paper we will treat a VOA V = (B^ V n such that dimVo = 1. First, 
us recall some basic properties of VOAs. 

Definition 2 Let V be a vector space. We will use the following notations: 

R^z.z- 1 }} = {EnezanZ^- 1 : a n G R}, 
R{z } z~ 1 } = {E„ec a n z- n - 1 : a n G R}. 
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A weak vertex operator of V is a formal power series 

v ( z ) — Snez v n z ~ n _1 £ (EndV)[[z, z' 1 }} so that for any u G V there is an integer N{u) > 
> such that v n u = for n > N(u). 



Lemma 3.1 (Li, Dong) Let V = Y^^Lo^n be a Fock space and let u(z) = ^WnZ""" 1 , 
v(z) = Y v(m)z~ m ~ 1 be weak vertex operators ofV. For any integer n, we define the n-th 
normal product by 

u{z) n v{z) = Res Zl ((zi - z) n u(z!)v(z) - {-z + z x ) n v (z)u(zi)) . (3.1) 

Then u(z) n v(z) is also a weak vertex operator of V . Here, the binomial coefficients, the 
binomial expansions and the residue Res 2l are defined by 



n 



n{n— l)—(n— 



Res zl (Y,a n z 1 ~ n ~ 1 ) = a . 

We note that {z\ + z) n ^ (z + zi) n in our notation ifn is not a natural number. Originally, 
(z\ + z) n and (z + z\) n were written by l ZuZ (zi + z) n and l ZjZl (zx + z) n . 



The next Dong's lemma is important, (see [Clfl. 



Lemma 3.2 (Dong) Let u(z),v(z),w(z) be weak vertex operators of V . Assume that 
u(z),v(z) and w(z) satisfy the mutual commutativity, then for any integer n, u(z) n v(z) 
satisfy the commutativity with w(z). Here the commutativity means 

( Zl - z 2 ) N u{z 1 )v{z 2 ) = (zi - z 2 ) N v{z 2 )u{ Zl ) (3.2) 

for a sufficient large integer N . 



It follows from an easy calculation that the normal product also preserves the deriva- 
tion. 

Lemma 3.3 Let u(z),v(z) be weak vertex operators of V and L(—l) G End(V r ). If 
[L{-l),u(z)) = fu(z) and [L{-l),v{z)\ = £v(z), then 
[L(-l),u(z) n v(z)] = £(u(z) n v(z)). 
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We will write only the essential parts of the axioms of VOA, its modules, and inter- 
twining operators here. See |[FLM|| or the others for the detail. 

Definition 3 A vertex operator algebra is a ^-graded vector space V = J2^=o Vn with 
finite dimensional homogeneous spaces V n ; equipped with a formal power series 

Y(v,z) = Y J V n z- n - 1 G EndOOtM- 1 ]] 

neZ 

called the vertex operator of v for each v G V satisfying the following (1) ~ (3). 

(1) There is a specific element 1 G Vq called the vacuum such that 
(1.1) Y(l,z) = ly and 

(1-2) f-il = v and v n l = for all n > 0. 

(2) There is an specific element w G V 2 called the Virasoro element such that 

(2.1) {L(n) := w„ + i} is a Virasoro algebra generator, that is, they satisfy 

■? 

[L(m), L(n)) = (m - n)L(m + n) + S m+n ,o — ^ — c, (3.3) 

where c G C is called the rank (or the central charge) ofV, 

(2.2) the derivation: 

[L(-l),Y(v,z)] = ±Y(v,z) (3.4) 

(2.3) L(0) Vn =nl Vn . 

(3) The commutativity: 

(z - w) N Y(v, z)Y{u, w) = (z- w) N Y{u, w)Y(v, z) (3.5) 
for a sufficiently large integer N . 



Remark 1 An important property of vertex operator is the associativity: 

Y(v n u, z) = Y(v, z) n Y(u, z). (3.6) 

Namely, if we are given vertex operators of u and v, then vertex operators of v n u are 
determined by them. Another important property is the skew- symmetry: 

Y(u, z)v = e zL{ - 1] Y(v, -z)u. (3.7) 

Namely, if given the actions of u on v, then we obtain those of v onu. One more property 
we will use is a nondegenerated invariant bilinear form ( , ) satisfying: 

(V m U, W) = (U, V 2k-m~2w) (3.8) 



for u,v,w G V satisfying L(0)v = kv and L(r)v = for all r > 0. Since we will treat a 
VOA V = (Bi=oV n with dimVo = 1, there is a unique invariant bilinear form satisfying 



(w,w) = Rank(V)/2 for the Virasoro element w ofV, see [LI 



Definition 4 A module for (V,Y,l,w) is a Z-graded vector space M = ©„> M„ with 
finite dimensional homogeneous spaces M n ; equipped with a formal power series 

Y M (v,z) = £ v™z- n - x G (End(M))[[^^ 1 ]] 

riSZ 

called the module vertex operator of v for v G V satisfying: 

(1) Y M (l,z) = l M . 

(2) Y M {w,z) =J2L M {n)z- n - 1 satisfies: 

(2.1) the Virasoro algebra relations, 

(2.2) the derivation: 

Y M (L(-l)v, z) = ^-Y M (v, z), and (3.9) 

dz 

(2.3) L M {0) Mn = (k n )l Mn for some k n G C. 

(3) The commutativity . 

(4) The associativity: 

Y(u n v } z) = Y M (u, z) n Y M (v, z). (3.10) 
3.2 Intertwining operator 

Definition 5 Let (V, Y, 1, w) be a VOA and let (W 1 , Y 1 ), (W 2 , Y 2 ) and (W 3 , Y 3 ) be three 

( W l \ 

V -modules. An intertwining operator of type „ , is a linear map 

\W 2 W 6 J 

I(*,z): W 2 -> {Rom{W 3 ,W l )){z} 



U -> Z) = EneQ U nZ " 1 



satisfying: 

(1) Derivation: 



I(L 1 (-l)u,z) = -^I(u,z). (3.11) 



(2) The commutativity: for v G V, u G W 2 , 

(z - Zl ) N {Y\v, z)I(u, Zl ) - I(u, Zl )Y 3 (v, z)} = (3.12) 
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for a sufficiently large integer N. 
(3) The associativity: 

I(v\u, z) = Y(v, z) n I(u, z), (3.13) 
where the normal product Y(v, z) n I(u, z) is given by 

Res Zl {( Zl - z) n Y\v, Zl )I(u, z) - (-z + Zl ) n I(u, z)Y 3 (v, z x )} (3.14) 

and Y%w, z) = £ neZ I^n)*-" -2 . 



, W 1 , 

Definition 6 Iy ( ^ 2 ^ 3 J denotes the set of intertwining operators of type 



( W 1 \ ! 

„ „ . It is a vector space and its dimension is denoted by N^ 2 W 3 ■ In order to 
\ W W J 

denote the dimensions, we use an expression 

W 2 xW 3 = Y / N% 2W3 W J (3.15) 
w 

called "fusion rule", where W runs over all irreducible V -modules. 



Definition 7 To simplify the notation, we sometimes omit V in Iy 
We recall the definition of a tensor product from ||L2|| . 



W 1 ' 

w 2 w 3 



Definition 8 Let M 1 and M 2 be two V -modules. A pair (M, F(*, z)), which consists of a 

, N ( M \ 

V -module M and an intertwining operator F{*, z) of type I 1 ^ 2 j , is called a tensor 

product for the ordered pair (M 1 , M 2 ) if the following universal property holds: For any 

V -module W and any intertwining operator I(-,z) of type iy^i ^2^' there exists a 

unique V -homomorphism ip from M to U such that !(*, z) = ip ■ F(*, z). Here ip extends 
canonically to a linear map from M{z} to U {z} and U{z} denotes the set of all formal 
power series J2n£C u nZ n with u n G U . 

Remark 2 We should note that we can't define a tensor product of two modules generally. 
However, since we will treat only rational VOAs in this paper, the tensor products of two 
modules M 1 and M 2 are always well-defined and it is isomorphic to (BuN^i m 2 U, where 
U runs over the all irreducible V -modules. Therefore, it is equal to the fusion rule in our 
case and so we will use the same notation M l x M 2 to denote the tensor product. It is 
known that M 1 x M 2 = M 2 x M 1 . 
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3.3 tensor products of VOAs 

Let (V^y 1 , l 1 , w 1 ) and (V 2 , Y 2 , l 2 , w 2 ) be VOAs. For v 1 ® v 2 e V 1 ® V 2 , define the 
vertex operator 

(Y 1 ®Y 2 ){v l ®v 2 ,z) = Y 1 (v\z)®Y 2 (v 2 ,z) G End(V rl <g> V 2 )[[z, z' 1 }} 

of v 1 <S> w 2 and extend it linearly to the whose space V 1 <8> V 2 , then 

(V 1 ® y 2 , Y 1 ® V 2 , l 1 ® l 2 , w 1 ® l 2 + l 1 ® w 2 ) (3.16) 

becomes a VOA. We will call it the tensor product of V 1 and V 2 . 

It is known in flDMZfl and [|FHL| that irreducible V 1 (g) ^-modules are tensor products 



of each irreducible modules. 

We will study the fusion rules of V 1 ® V^-modules. Assume that V 1 and V 2 are 
rational, that is, they have only finitely many irreducible modules and their modules are 
direct sums of irreducible submodules. 



Theorem 3.1 Assume that V and W are rational VOAs. Let V 1 , V 2 , V 3 be irreducible 

TV 3 

'v 1 V 2 



V -modules and W 1 , W 2 , W 3 irreducible W -modules such that Nyl v2 < 1. Then 



( V 3 \ ( W 3 \ _ ( V 3 <g> w 3 \ 

Iv [ v i v 2 )® Iw W w 2 r v ® w [vi®wi v 2 ®w 2 ) (3 - 17) 



[Proof] We will use the same argument as in the proof of Proposition 4.4 in [|M1| . 
Clearly, we have 

/ V 3 \ ( w 3 \ ( v 3 ®w 3 \ 
/ 1 v k 1 v 2 )®\w l w 2 ) ~\v l ®w l v 2 ®w 2 )' 

We will show the reverse. Take 

, s / V 3 ®W 3 \ 
/(*, z) e I , , „ „ . 
K J [v^w 1 v 2 ®w 2 ) 

Set T = V <g> W and view V and W as sub VOAs V <g> l w and l v <g> W, respectively. Let 
e and / be Virasoro elements of V and W. Since V is rational, V 1 ® W l are direct sums 
of irreducible ^-modules. Let M 1 , M 2 , M 3 be irreducible V^-submodules of V 1 ® W 1 , 
V 2 (g) W 2 , and l^ 3 ® W 3 , respectively. Clearly, M % is isomorphic to V % as V- modules for 
i = l,2, 3. Let it denote the projection map n : V 3 (g) — > M 3 such that 7T| A /3 = 1 M 3. 
Since /i acts on W l diagonally and the actions of /i on V % <g> W l commutes with the 
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actions of V on V % ® W\ we may assume that f\ acts on M l as scalars a; 6 C. Let 
u e M 1 , v e M 2 . Since 



/l« m -lU = {/iXn-1 - U m -i A 2 }^ + U m -l/l « 

= (fou) m v + (fi u )m-iv + u m _ x a 2 v 
= (fou) m v + (a 1 + a 2 )w m _it;, 

we get 

(fou) m v = (fi - a 1 - a 2 )u m _iv 

and also 

(fou) m v = ((L(-l) - e )u) m v = (L(-l)v) m u - (e v) m v = -mu m - X v - (e u) m v. 
We hence have 

A(fou)mv) = (« 3 - a 1 - a 2 )7r(M m _iM). 
For simplicity, set a = a(M 2 , M 3 ) = a 3 — a 1 — a 2 . Then we obtain 

n((e u) m v) = 7r(((L(-l) - fo)u) m v) = (-m - a)7r(u m _iv). 

If we set I l (u,z) = n(I(u, z))z~~ a , then it is easy to see that I l (*,z) satisfies the Jacobi 
identity. Also, the above equation implies the e -derivative formula: 

I(e u,z)v = (-^-I l {u } z))v. 

( V s \ 

Hence, I 1 (*,z) is an intertwining operator of V of type I yi y2 r ^ e ^ xes an i n ^ er " 

{ V 3 \ 3 
twining operator 7 1 (*,z) of type ( ^ 2 j . By the assumption r2 < 1, we have 

an expression I{u,z) = B(w) ® 2) for u> e VT 1 and u e M 1 = V <g> w, where 
-B(w) = (AM2,M32 a ' M2,M ^) is an infinite dimensional matrix, where M 2 and M 3 run over 
all irreducible components of the direct sums of V 2 ® VF 2 and V s ® Vr 3 . In particular, we 
may view _B(u>) as an element of Hom(I¥ 2 , W 3 ){z, z~ 1 }. Since /(*, z), -2) satisfy the 
commutativity, the associativity, and the derivation, so does B(w). Hence we conclude 
that B(w) = I 2 (w, z) is an intertwining operator of W and I(u®w, z) = I l (u, z)®I 2 (w ) z) 
as desired. I 

As a corollary, we will show the following: 
Corollary 3.1 Assume that V 1 and V 2 are rational VOAs, then V 1 <g> V 2 is rational. 
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[Proof] Set V = V 1 <g> V 2 . Suppose false and let (W, Y w ) be an indecomposable V- 
module. Since V has only finite number of nonisomorphic irreducible modules by |DMZ . 
W has an irreducible ^-submodule W° = U 1 ®U 2 . Since V' x U l = U 1 for i — 1, 2, we 
have that all irreducible factors of W are isomorphic to W° and hence W has a series 
C W° C ■ ■ ■ C W k = W such that W i /W l ~ l = W° as ^-modules. In particular, 
W l = W % ~ x © X % splits as a vector space and W = ®i =0 X l as vector spaces. Let n be a 
projection ir 1 : W 1 — > X* such that ^(ly*™ 1 ) = 0. Then for v 1 G V 1 , t> 2 G l^ 2 , by taking 
the restriction into X 1 and the image of 7r J of the module vertex operator, we have 

7r J 'YV ® v 2 ,z) : X i -> X J G HomeCX*,^)^'^^- 1 ]]. 

It follows from the properties of the module vertex operator that the above is an intertwin- 

/ U l <g>U 2 \ 
ing operator of type . . „ . Since V 1 x W° = W° and V 2 x U° = U°, 

( U l ®U 2 \ 

we have dim I . „ , „ = 1 by the previous theorem. Let 

\v l ®v 2 u l ®u 2 j 3 1 
( u l ®u 2 \ 

/(*, z) G I , „ , „ be a nonzero intertwining operator such that 

K J [v^v 2 u l ®u 2 ) & p 

1(1, z) = idxji^xji. Since W = ®f =0 X ! , we have the following expression: 

Y(v,z) = A®I(v,z), 

for some (k + 1) x (k + l)-matrix A. Since 1^(1, z) = lw, A is the identity matrix and W 
is a direct sum of irreducible V 1 (g) K 2 -modules. ■ 



4 Tensor product of SVOAs 



In this section, we recall the results from [M2] and construct a VOA Mp from an even 
binary linear code D. 

4.1 Minimal SVOA M 

Let us construct first a vertex operator superalgebra (SVOA) 

M = L(i,0)©L(i,i). (4.1) 

Let L = Zx be a lattice with (x,x) = 1. Viewing H = Cx as a commutative Lie algebra 
with a bilinear form <, >, we define the affine Lie algebra 

H = H[t,t~ 1 ] + Ck 
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associated with H and the symmetric tensor algebra M(l) of H. As they did in [FL"M . 



we shall define the Fock space Vl = ® a ^LM{l)e a with the vacuum 1 = e° and the vertex 
operators Y(*, z) as follows: 

The vertex operator of e a is given by 

Y(e a ,z) =exp[Y, ^-^z n \ exp f ]T ^1 Z ~A e a z a_ (42) 
\nez+ n J \nez + n J 

and that of a(— l)e° is 

y(a(-l)e°,s) =^ a (n)^ n - 1 . 
The vertex operators of other elements are defined by the normal product: 

Y(a(n)v, z) = F(a(-l)e°, z) n Y(v, z). (4.3) 
By the direct calculation as they did in §4 in |FLM|| , we have: 

Lemma 4.1 

[E a(n)x- n -\ Y(e b , z)\ = for any a,b G L, 

(x- z) N [Y{e a ,x),Y{e b ,z)\ = for<a,b>=2 (mod 2), (4.4) 

(x - z) N {Y(e a ,x)Y(e b ,z) + Y (e b , z)Y (e a , z)} = /or<a,6>=l (mod 2), 

/or a sufficiently large integer N. These are called " supercommutativity" . 



Remark 3 We note that the above relations hold generally. Namely, if we define a module 
vertex operator I w on W = M(l) ® e^ Zx by 

I w (e a ,z) = exp[J2 ^^-zA exp [ £ ^- z ~ n ] e a z a (4.5) 
\nez+ n / \nez + n / 

and 

I w (a(-l)l lZ )=J2a(n)z- n -\ (4.6) 

t/ien t/iey satisfy the same super- commutativity. We should note that if a ^ 2Zx, then the 
powers of z in I w (e a ,z) are not integers since z x e x ^ 2 = z^ . Namely, I M (e a ,z) does not 
satisfy one of the conditions of module vertex operators. 

In [|M2 |, we found two mutually orthogonal conformal vectors 

w 1 = \x(-l) 2 l + \{e 2x + e~ 2x ) and 

w 2 = \ x (-\fl - \{e 2x + e~ 2x ) ( ' } 
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with central charge | such that w = w 1 + w 2 = \x{— 1) 2 1 is the Virasoro element of 
Vl, where 1 = e° is the vacuum. We also note that w 1 and w 2 are rational since Vl 
has a positive definite invariant bilinear form induced from the inner product of L. As 
we mentioned at the beginning, < w 1 > = L(|,0) has only three irreducible modules 
L(|, 0), L(~, |), L(~, i). By calculating the dimensions of weight spaces, we conclude 
that V L is isomorphic to the tensor product 0) © L(§, |)) <8> 0) © L(§, §)) 

as < w 1 > (gi < w 2 >-modules, where < w 1 > denotes the vertex operator subalgebra 
generated by w\ Let 9 be the automorphism of Vl induced from the automorphism —1 
on L. Take the fixed point space {Vl) 9 of Vl by 9. This is also a SVOA containing w 1 
and w 2 and we obtain the decomposition: 

(\/ L ) e =(L(i,0)®L(i,0)) © ^(i,i)®L(i l0 )) (4.8) 

as < w 1 > <g> < w 2 >-modules by calculating the dimensions of weight spaces. Take the 
subspace M = {v G (Vl) 6 \ w 2 iv = 0}. Then M is a SVOA with the Virasoro element 
w 1 and we see M = L(~, 0) © L(|, |) as < w 1 >-modules. 

Therefore, we proved the following theorem (see |[M2|| ) . 

Theorem 4.1 (M, V, w 1 , e°) zs a simple SVOA with the even part Mq £ ^(|,0) and 
i/ie ode? part Mj = |) as L(|,0) -modules. The central charge of (M,Y) is | and it 
aas a positive definite invariant bilinear form. Here we define the vertex operator Y by 
restricting Vl into M. 

For the later use, we fix a lowest weight vector 

q = ±=(e x + e-*)eM l (4.9) 

of the odd part. By the direct calculation, we obtain 

q_ 2 q = 2w 1 , q^q = 0, q q = 1. (4.10) 
It is easy to check the following correspondences in Vz a - 
x(-l)e° E L(f,§)<g>L(§,§), 

^(e* + e -*) e 0), and (4.11) 
i(e--e-) G L(|,0)©L(i,i). 
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We also get \[e x + e 1 )-i(e x — e r ) = x(—l)e°. 

We can construct a V^zx-module W = Vz x /2 and the module vertex operator Y w by 
the same ways. As we mentioned in Remark 3, we have a formal power series I w (v , z) G 
EndiW)^ 1 ! 2 ^- 1 ' 2 }} for v G V Zx . Clearly, for v G V 2Z:C , = Y w (v,z) and hence 

I w (q,z) = Y.QnZ~ n ~ l satisfies the commutativity with Y w (u ) z) of u G V^zz- Namely, 

z) is an intertwining operator of type ( ^ \ . The V^-module Vz x /2 splits up 

into a direct sum 

Vzx/2 = Vzx © ^ / 2Zx +2;/2 © ^Zx-x/2 

of irreducible V^zx-modules and q n permutes {V2ZX+X/2, V2ZX-X/2} for any n = | + Z. 
By the direct calculations, we see that V2ZX+X/2 and V2ZX-X/2 are both isomorphic to 
Jq) © ^(|) li) as < w 1 > (g) < w 2 >-modules. Fix the lowest weight vectors e^ x 
and e - ^ of V2ZX+X/2 and V2Zx-rr;/2, respectively. By restricting v in Mj = L(|, |) and 
taking the eigenspaces of w 2 with an eigenvalue ^, /^(f,^) defines the following three 
intertwining operators: 

g / ( 1 x j and (4.12) 

V 2 16 / 

Also, the restriction to Mg = £(|,0) defines the following intertwining operators: 

e/( ° ), 

G/^ Q 2 ^ and (4.13) 

which are actually module vertex operators of < w 1 >. We fix these intertwining operators 
throughout this paper. 

Using the above intertwining operators, the formal power series 
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Y (u g) v, z) G End(V(i +z - )a ,){z, 2; 1 } given by (4.2) and (4.5) are 

Y(u®v,z) = °} ® I°>T6(u,z) ® I°'Te(v,z) for U ® U <E £(§, 0) ® 0), 
y(tt®«,«) = (J t J ® J3'^(ti,«)®/3'^(v,«) for u <g> d G L(|, |) ® L(|, |), 



-1 
1 



y (w ® v, z) = ( i o J ®J* 'is (tt,z) <g>/ 0> ™(v,z) for u ® d G §) ® L(|,0) 
y(w(g)f,z)=( ° 1 ] ®/ '^(it,^) (gii'W^, z) for « ® v G 0) ® L{\ ±) 



1 



2' / ^ V2' 2' 

(4.14) 



Remark 4 i??/ £/ie definitions (4-2) and (4-5) ofY(*,z) and I w (*,z), we have: 

(1) The powers of z in I°>*(*,z), /2 ,Q (*, z) and I^'^{*,z) are all integers and those of z 

in Ia>Te(*, 2) are half-integers, that is, in \ + Z. 

(%) I (*, z) satisfies the derivation. 

(3) I w (*,z) satisfies the supercommutativity: 

I w (v, z x )I w {v>, z 2 ) ~ FK, ^(v, ^), 

22) ~ ^^(v, z x ), (4.15) 

^/^V,^) ~ (-l)F(«',z 2 )F(«, Zl ), 

for v, v' G Mo and u, v! G Mj. Here A(z x , z 2 ) ~ z 2 ) implies that 

( Zl - z 2 ) N A( Zl , z 2 ) = {z x - z 2 ) N B(z u z 2 ) 

for sufficiently large integer N , see Proposition 4-3.2 in | FLM |. In particular, I*>™(*,z) 
satisfies the supercommutativity: 

I°'TE ( V , Zl )I^ (V 1 , Z 2 ) ~ I°>Te{v', Z 2 )I°'Te ( V , Zl ), 

J ' is (v, zi)I%'~fi(u, z 2 ) ~ J2'i6(m, z 2 )I°'^(v, zx), (4.16) 

I^'Te(u, Zi)I^'Tg (u' , Z 2 ) ~ — I^'Ta(u', Z 2 )I^'^e(u, Z\), 

for v, v' G Mq and u, v! G M\. 

We next show an associativity. 

Remark 5 Clearly, V 2Zx = {£(§,0) <g)L(§,0)} © {•£(§,§) ® §)} «^ ^ becomes 
a vertex operator algebra and W = Vi x+2Zx is a V 2Zx -module as we showed. Viewing 
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Z/(|,0) I/(|,0) -module, the module vertex operator Y w has the following structure by 

(4-W- 

</ « />(« * «, *> - ( *> ® W z \ ? " ! ?; (4.17) 

I J2'i6(u ; z) l2'™{v,z) for u,v G L{^, 

In particular, I <S> I satisfy the associativity and the derivation. 
For example, for u, v, u', v' G |), 

(7°>ls J '^) ((« u) n (w' <g) u')> z ) 

= i^lh'TG /3>3S)(u (g) t>, z)^ ^(J3>33 I"2<~k)(u' f', z)) . 

It is known that Y(*, z) satisfies : 

Y(x(n)v,z) =Y(x(-l)l,z) n Y(v,z). 

Namely, Y(*,z) satisfies the associativity with the actions of x(— 1)1 G |) 0L(|, |). 
£/ie direct calculation, we see that the normal product satisfies the associativity: 

(a(z) n b(z)) m c(z) = V(-l) 1 . (a(z) n -ib(z) m+i c(z) - (-l) n b(z) n+m -ia(z)ic(z) . 

Since Y(*, z) satisfies the associativity with the actions ofL(^, O)0L(|, 0), Y(*, z) satisfies 
the associativity with the actions of L(|, |) |). Therefore, for u 1 n 2 G |) 
L(|, |) and n 3 n G |) L(|, 0), we calculate on the actions on V^i +Z ) x as follows: 

Y((v} 0n 2 ) n (w 3 ®t)),z) 
= F(-u 1 -u 2 , z)„F(n 3 v, z) 

= Res x {(x - z) n Y(v}- n 2 , x)F(n 3 ®v,z)- (-z + x) n Y(u 3 v, z)Y(u l n 2 , x)} 
= Res x {(x - z) n Q °^ (/0/)(m 1 0n 2 ,x) ^ ^ (/®/)(i( 3 ®t;,z) 

-(-z + x)"^ J^J (7 0/)(n 3 0n, z) Q °^ (/0/)(m 1 0m 2 ,x)} 

= ^ ^ *j ites x {(x - z) n I /(w 1 n 2 ,x) / /(n 3 v,z) 
+ (-z + x) n I /(w 3 z) / I(u l n 2 , x)}. 

On the other hand, since (u l n 2 ) n (n 3 n) G 0) L(|, |), we oei 

^((n 1 0n 2 ) n (n 3 0«),z) 
= ( J J (/0/)((n 1 0n 2 ) n (n 3 0n),2;). 
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Since I*'Te(*,z) satisfies the associativity with the actions o/L(|,0) ; we obtain : 

I 0, ~^(u n v,z) = I^'^(u,z) n I^^(v,z) 

for u,v G L(|, |), where the normal product of (*, z) and I^'^e (*, z) is given by 

a(z) n b(z) = Res x {(x - z) n a(x)b(z) + {—z + x) n b(z)a(x)} 

and we will call this normal product "super normal product" and the above associativity 
"superassociativity". Namely, I h, ^(* : z) and I k 'Te (*, z) satisfies the superassociativity: 

I h+k 'Te (u n V, z) 

= Res x {(x - z) n I h 'Te(u,x)I k 'Te(v, z) - (-l)\ u W'"\(-z + x) n I h 'T6(v, z)I h 'T6(u,x)} 

(4.18) 

for u G L(^,h),v G L(^,k) and h,k = 0, \, where \v\ = if v G L(|,0) and \v\ = 1 if 

Let extend it into the tensor product of many Mg and Mj. Using the tensor product 
and (4.18), we obtain the following: 



Proposition 4.1 For two binary words (a 1 ), (b l ) of even length n and u G ®" =1 L(|, y), 
v G ®" =1 £(|, f-), <S>/ satisfies the superassociativity and the derivation: 

(0&' +b ^ 2 'Te )(u n V, Z) = ((®I ai / 2 >TS)(u, Z)) n ((®I bi / 2 >TS)(v, z)) 

iL(-i),(®i*y^)( U ,z)} = f z {{®i ai /^{u n ,z)}. (4,19) 

We often abuse the notation 0, 1 G Z2 to denote integers 0, 1. For example, aj/2 = /or 
Oj = and aj/2 = | /or aj = 1. 

[Proof] By reordering the coordinates, we may assume (a 1 ) = (l 2s n_2s ). Dividing 
the coordinates into a set of pairs {1, 2}{3, 4} • • • {2s — l,2s}{2s + l,...,n} and then 
applying the above results to the pair + 1}, we have the superassociativity for each 
(a l ,a t+1 ) = (1, 1) and (b l ,b t+1 ). For Oj = 0, we have the associativity. Taking the tensor 
product of them, we obtain the desired superassociativity. The derivation comes from 
Remark 4. ■ 
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4.2 Tensor product of SVOA 

Let us start a construction of VOA from an even binary linear code D using the tensor 
product of vertex operator superalgebras. 

In the previous subsection, we constructed the vertex operator superalgebra (SVOA) 

M = 1% © M T = 0) © L(± 1), (4.20) 

where il% = L(|, 0) is the even part and Mj = L{\, |) is the odd part. For v G Mj and 
i = 0, 1, |f | denotes i. We note that the notion of vertex operator superalgebra is given 
by supercommutativity: 

Y(v, Zl )Y(w, z 2 ) ~ (-l) H|w| y(w, 22)^(«, (4.21) 

The tensor product of SVOAs (M 1 , V 1 ), (M n , F n ) is given by the following: 
The full Fock space is 

M F = M 1 ©...©M n 
and we define the vertex operator Y of v 1 © ... © v n G M 1 © • • • © M n by 

F^ 1 © ... © v n , z) = Y\v\ z) © ... © Y n (v n , z) (4.22) 

and extend it to M F linearly. 

In this paper, we will take copies of M as M\ that is, M 1 = • • • = M n = M = 

L(i,0)©L(I,I). 

For a word 5 = (d\, d n ) G Z^, set 

M 5 = ©r =1 (M 1 )^-, (4.23) 

where (AT)o and (M*) T are the even part and the odd part of M i = L(§,0) © L(|, |), 
respectively. For example, M (0 ... ) = ^(|, 0) © • • • © L(|, 0) and M ( i...i) = L(|, |) © • • • © 

By the definition of Ms and the Z 2 -gradations of SVOAs, we have the following: 

Lemma 4.2 Let 5 = (d±, ...,d n ) and 7 = (^1, ...,g n ) be words. For v G M$ and w G M 7 , 
we obtain 

v m w G Ms +1 for any m G Z. (4.24) 
Using the supercommutativity (4.15) in SVOA, we have the following lemma. 
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Lemma 4.3 Let 5 = (d±, ...,d n ) and 7 = (gi, ...,g n ) be words. For v G Ms o,nd w G M- 
we obtain 



Here (5, 7) = d^i + ... + d n g n . 

In particular, if 5 has an even weight, then Y(v, z) satisfies the commutativity with 
Y(v, z) itself for v G M§. 

For the purpose of constructing a VOA, we need the commutativity. We shall use 
a central extension D of D by ±1 in order to modify the supercommutativity of the 
above vertex operators. Let denote the word (0, 0, 1, 0, 0) whose i-th entry is one 
and the other entries are all and let e Ui be formal elements satisfying e Vi e Vi = 1 and 
e Vi e v ' = —e Uj e Ui for i 7^ j. For any even word a — Vj x + ■ ■ • + Uj k with ji < ■ • • < jk, set 



Y(v, Zl )Y(w,z 2 ) ~ (-1)^^,^)^,^). 



(4.25) 



e 3k . 



(4.26) 



It is easy to see the following result. 



Lemma 4.4 For a, (3, 




if \ol\\(3\ is even 
if \ol\\(3\ is odd 



(4.27) 



[Proof] 



Since 




{a, u t ) = 
(a,Ui) = 1, 



(4.28) 



we have the desired results. 



In order to combine (4.27) into the vertex operator Y, set 



M D = ®seD{M 5 ®e s ) 



(4.29) 



and define a new vertex operator Y by 



Y(v <g> e' 3 ,^) = Y(v,z) ® e 13 
for v ® e@ G Mp ® e 13 . We then obtain the desired commutativity: 



(4.30) 



Y(v, Zi)Y(w, z 2 ) ~ Y(w, z 2 )Y(v, z x ). 



(4.31) 
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Let w 1 be the Virasoro element of M\ Then 

n 

w = ^(l 1 <g> ... <g> V' 1 ®w ! ® <g> ... <g> l n ) <g> e° (4.32) 
i=i 

satisfies the desired properties of the Virasoro element of M D and 

1 = l 1 ® ... ® 1") ® e ° 

is the vacuum of M D) where V is the vacuum of M\ Finally, we have the following 
theorem. 

Theorem 4.2 If D is an even binary linear code, then (M D ,Y, w, 1) is a VOA. 
By the choice of our cocycle, we easily obtain the following result: 

Theorem 4.3 Aut(-D) is an automorphism group of VOA (M D ,Y). 

[Proof] Aut(/}) acts on {M a : a G D} as permutations and also commutes with 
the products (4.28) in the central extension {±e lS \ (5 G D}. Hence it becomes an auto- 
morphism group of (M D ,Y). I 

Definition 9 For a word (5, M D has an automorphism 5p given by 

5 p :u a ^ (-l) {l3 ' a) u a (4.36) 

for u a G M a . This is an automorphism induced from the inner automorphism of M = 
Mq © Mi and we will call this an inner automorphism of M D . 

Notation We always fix a lowest weight vector q of Mj = L(|, \) with q_ 2 q = 2w, 
see (4.9) and (4.10) and q l denotes such q of each M\ For a word a = (a 1 , a n ) of length 

n, set 

q a = m = i1 at ), (4-33) 

where q a ' — q l if = 1 and q a * — V if Oj = 0. Then q a ® e a is a lowest weight vector of 
M a . For a T-module X = ®" =1 £(|, &*) ®i? with some formal vector space i?, we define an 
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intertwining operator I(q a ®e a , z) of q a ®e a of type ' 



®L(\,h i + a i /2)®e a R 
L{\,a i /2)®e a ® L{\,h l ) ® R , 



by 

(®I)(q a ®e a ,z) = (®I {hl) )(q a ®e a ,z) = ® r t =1 (r' /2 ' h \q a \z))®e a , (4.34) 

where a = (a 1 ) and J 1 / 2 -* 4 (q i , z) as in (4.12) and I°' h \l\z) = 1. Here h* + a l /2 denotes 
the fusion rules (1.1), that is, + = \ + \ = 0, + \ = \ + = \, ± + = ± + \ = By 
Remark 4, the powers of z in /2>i6 (w, z) are \ + Z for -u G Mj and those of z in the other 
intertwining operators are all integers. Hence, for an even word a = (a*) and a T-module 
X with the ^-word h(X), the powers of z in (®I)(q a ®e a ,z) are in Z + |(a, h(X)), that 
is, 

(®/)(<f ®eV) G Hom(X,M a x X)[[z, z- 1 ]]z*< a ' K ( x)) . (4.35) 

We have thought of even code. We will next treat words of odd weights, too. By the 
direct calculation, we have the following. 



Lemma 4.5 Foru G M s , v G M 7 , Y(u, Zi)Y{v, z 2 ) ~ (-1) |5||7| Y>, z 2 )Y(u, z ± ), where \S\ 
and |7| denote the weights of 5 andj, respectively. 

Namely, we have the following result: 



Theorem 4.4 (M z? ,F,w,l) is a SVOA. 

Remark 6 If D is an even linear code of length n, then Md is a vertex operator subalgebra 
of Mjn. As M D -modules, M z ™ splits into a direct sum (B a ez%/DM a+D of irreducible M D - 
submodules M a+D = E/3ea+D M p- 

Definition 10 Since = L(|,0) contains a conformal vector w' with central charge | 
as the Virasoro element, M( ,...,o) — ®f=i-^(|)0) contains mutually orthogonal n conformal 
vectors 

e i = l 1 <g> • • ■ <g> <g> w* <g> l m <g> • • • <g> l n . (4.37) 
VKe w// ca// the set {e 1 , ...,e n } "£/ie coordinate conformal vectors". 

The most useful example in this paper is a VOA M# g constructed from the [8, 4, 4]- 
Hamming code H 8 , which we will denote by Vhs and we will classify its representations 
in Sec. 5. 
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4.3 Uniqueness of tensor product construction 

Let (V, Y) be a simple VOA with a set {e 1 | i = 1, • • • , n) of mutually orthogonal rational 
conformal vectors such that the sum 522=1 e% * s the Virasoro element w. Set 

T=<eV..,e»><*®^L(i 0). 

Assume that there is no ^ entry in the set lwr(T, V) of lowest weight rows (h 1 , h n ) of 
V. 

We will prove the following result: 



Theorem 4.5 Under the above assumptions, (V, Y) is isomorphic to Mo for some even 
linear binary code D. 

[Proof] By our assumption, every e l is a conformal vector of type two and defines 
an automorphism: 

{1 on U = L(|,0) as < e, >-modules, 
1 1 \ (4.38) 
— 1 on U = L(|, |) as < ej >-modules, 



by the second binary mode in (1.2), see ||M1|| . Set R =<cr e , \ i = 1, ...,n>. Then R is an 
elementary Abelian 2-group. Let Irr(R) denote the set of all irreducible linear characters 
of R. Then we have the decomposition V = Q) x( zi r r(R)V x into the direct sum of irreducible 
y R -modules V x , where V x — {y 6 V \ g(v) = x{q) v f° r an 9 ^ ^} i s the weight space 
of x- Then the fixed point space V R is a direct sum of irreducible T-modules isomorphic 
to ®L(|,0). Since dimV = 1, we have V R = ®L{\, 0) and so = T. By the result 
in |pM| , V x is an irreducible T-module and hence we have V x = Mm x ) as T-modules for 
some binary word d(x)- Let D to be the set of all such words d(x)- As they also proved 
by Lemma 3.1 in fDM], for two X-, ^ Irr(R), there are u G V x , v G and n G Z such 
that w n f 7^ 0. Hence, by the fusion rules for Ising models (1.1), we have that D is closed 
under the addition, that is, D is a binary linear code. Since the weight of elements in V 
are all integers, D is an even code and V = Mjy as T-modules. Let us recall the fusion 
rules of irreducible modules of Ising model: 

L(i 0) is an identity and L(^, i) x L(-, -) = L(^, 0). 

These imply that the intertwining spaces / ^ 1 l J and I ^ 1 ^ ^ J have one dimension. 
Choose a fixed vector g of (Mj)i so that g_ 2 <? = 2w, where w is the Virasoro element 
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Y(q,z) = ( flQf _ ^ > ) G End(M)[[z,z-']] (4.39) 



of iV% = L(|,0). Let I 2 '°(q, z) and I^'^(q,z) be intertwining operators of g of types 

( L (h°) \ ( Hhl) \ 

, 1 i v and , i 1 s , 1 , , respectively, such that 

/^(g^) 

I*>°(q,z) 

is the vertex operator of q in the SVOA M = M ©!/ 1 as in (4.9). For (3 = (fe 1 ,...,^) G D, 
take a lowest weight vector q"®e^ = {®iq bt )®e^ of Mp as in (4.33). Since the intertwining 
space has one dimensional, the restriction: 

lV®eV)|M e : M ? ^M €+/3 (4.40) 

is a scalar times of {I^){q p <£> e' 3 , 2) = (<&il bl /2 '* (q b \ z)) <g> for j3,£ e D, say 

F(/ ® e' 3 , ^)| M? = A(/3, ® e' 3 , z). 
Since this is true for any other elements, we have 

Y(vP ® e^, z)| A / e = A(/3, ® e^, 2) (4.41) 
for any vP ® e 13 G Mg. The mutual commutativity of {Y (vP ® e 13 , z) \ (3 G D} imply 

A(/3, « + 0A(«, = A(a, (3 + £)A(/3, (4.42) 

for any a, (3, £ G -D. Namely, A(*, *) is a 2-cocycle. Since K and satisfy the associativity, 
we have 

\(J3, a + 0A(«, = \(a, (3 + £)A(/3, f) = A(« + /3, £). (4.43) 

In particular, A(0, (3) = 1 for any /? and A(a, /?) = ±1. Using the skew-symmetry, we have 
X(/3, 0) = 1 for any (3. Substituting £ = a into (4.43), we have A(a, a) = X(a + (3, a) for 
any a, {3. Hence X(a, (3) = \{(3,(3) = A(0,/3) = 1 for any a,@. Namely, Y is uniquely 
determined. 1 



4.4 Examples 

Let L = Zx 1 + Zx 2 + • • • Zx n be a lattice with < x\x j >= 8 it j. Then L = {£,a % x l : 
J2cl 1 = 2 (mod 2)} is an even lattice. Let Vl is the lattice VOA constructed by [ FLM|| . 
Vl contains V^zou ® ••• ® V-zLx n and hence contains a set {e 1 , e 2 , • • • , e 2n_1 , e 2ra } of 
mutually orthogonal 2n conformal vectors Set T =< e 1 , e 2n >. Since Vl is a subspace 
of Vzsi ® • • • ® Vzx", there is no ^-entries in lwr(T, V^). Let D be the code consisting of 
all even words of length 2n. It is easy to see that Vl is isomorphic to Mb- 
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5 Mo-modules 



5.1 Classification 

In this subsection, we will classify the irreducible M^-modules and study their fusion 
rules. 

Let {e 1 , e n } be the set of coordinate conformal vectors of Md and set T =< e 1 > 
® • • • <g> < e n >= ®f =1 L(|, 0). We note that all irreducible T-submodules of Md has no 
^)-entry. Let (X, Y x ) be an irreducible M^-module. Since T is rational by Corollary 
3.1, we have a decomposition X = ®U l of X as a direct sum of irreducible T-submodules 
U\ By the fusion rules for Ising model, the ^-words of any irreducible T-submodules of 
X are all the same, say h(X). By Remark 4.(1), we have: 

Lemma 5.1 h(X) is orthogonal to D. 

Set K = {a G D\a C h(X)} and let if be a maximal self-orthogonal subcode of 
K. Since K is an even code, we have H 1 - C\ K C H . Let K = {±e fc : k G K} denote 
the central extension group of K by ±1 induced from the inner products as in (4.26) 
and (4.27), then {±e a : a G H} is a maximal normal Abelian subgroup of K. Our aim 
in this subsection is to show that every irreducible M#-submodule of X determines the 
M^-module structure on X uniquely. 

Theorem 5.1 Let (X,Y X ) be an irreducible M D -module and {X 1 : i = 1, ...,&} the set 
of non-isomorphic irreducible T-submodules of X. Then there are irreducible K-modules 
Q l on which — e° G K acts as —1 such that X = ©f =1 ((5 l <E> X 1 ) as M K -modules. 

[Proof] Let U be a homogeneous component of X generated by all T-submodules 
isomorphic to X 1 and U = ©f =1 £/ 1 the decomposition of U into a direct sum of irreducible 
T-submodules U l . For a = (a 1 ) G K, set q a as in (4.33). By the fusion rules for Ising 
module (1.1), Y x (q a ® e a ,z)U C f/f^,^" 1 ]] for a G K. Since the both of the tensor 
products of L(|,0) and L(|, |) with any irreducible L(|, 0)-modules are irreducible, the 
vertex operator Y x {u a <g> e a , z)\u of w a ® e a has an expression 

A(e a )® ((®I)(u a ,z)), 

for M a ®e a G M a . where A(e a ) is a x /c-matrix and (®/)(*, z) is the tensor product of the 
intertwining operators in (4.12) and (4.13). Since Y x {u a ,z) satisfies the commutativity 
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and (®I)(u a , z) satisfies the super-commutativity, we see the supercommutativity : 

A(a)A(f3) = {-\) {a ^A((3)A(a). 

Furthermore, since the both Y x (*,z) satisfies the associativity and (®/)(w a , z) satisfy 
the superassociativity, we see the associativity : 

A{e a )A{eP) = A{e a e p ) 

and A(a)A(a) is the identity matrix for all a, (5 G K. This implies that A is a matrix 
representation of the central extension K and U = Q 1 (&X 1 for a i^-module Q l . Suppose 
that Q 1 is not an irreducible i^-module and Q° is a proper submodule. Let W be a 
subspace spanned by {v n w : v G Mc,w G Q°,n G Z}. By Proposition 4.1 in |pM]| , we 
have X = W. On the other hand, by the fusion rules for Ising model (1.1), Mg + # x Q°®X 1 
does not contains a submodule isomorphic to X 1 for (3 ^ K and so W fl i7 = Q° <8> -X" 1 , a 
contradiction. Hence, Q 1 is an irreducible i^-module on which — e° acts as —1. | 



As a corollary, we have the following: 



Corollary 5.1 If E is a self- orthogonal binary linear code and X is an irreducible Mg- 
module, then the multiplicities of irreducible T -submodules of X are at most one. In par- 
ticular, if X contains a T -submodule ®" =1 -^(|, -^), then X = ®™ =1 L(|, ^) as T -modules. 

We next prove that is rational by the same argument. Namely, has finitely 
many non-isomorphic irreducible modules and every module is a direct sum of irreducible 
modules. 



Proposition 5.1 Mp is rational. 



[Proof] Let W be an indecomposable M^-module. We will show that W is an 
irreducible M D -module. Suppose false and let U be a proper Mo-submodule of W. View- 
ing W as a T-module, W is a direct sum W = @W l of irreducible T-modules and 
assume W 1 C U . Since the action of Mb does not change the ^-words, every W l has 
the same ^-word (3 and the set lwr(T, W) of lowest weight rows is an orbit of D. Set 
K = {a G D : a C (3} and let S be a direct sum of all W l = W 1 . By the above 
theorem, S = Q W 1 and S (1 U = Q° ® W 1 for a i^-module Q and its submodule 
Q°. Since the C^-modules are completely reducible, Q is a direct sum Q° © Q 1 for some 
X-module Q 1 . By the assumption, we have Q 1 ^ 0. Let U l be the space spanned by 
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{v n w : v E M D ,w E Q l ® W^n G Z} for i = 0, 1. By Proposition 4.1 in JDMJ, they are 
M D -modules. Then by the fusion rules, U° H t/ 1 n Q © W 1 = 0. Namely, C/° n t/ 1 does 
not contain T-submodules isomorphic to W . Since the set lwr(T,W) is an orbit of D, 
we obtain U° H U 1 = and so W = U° © Z7 1 , which contradicts to the assumption. | 



5.2 Induced module 

We next prove that Mo-modules containing a fixed irreducible M^-module are uniquely 
determined. Let's construct such an M^-module. 

Since K is a direct product of an Abelian group and an extra-special 2-group, it is 
known that every irreducible K representation with </>(— e ) = —1 is induced from a 
linear representation x of a maximal Abelian normal subgroup H. 

Let (3 G D 1 - and X = {a = (a 1 ) G D \at C /?}. Let if be a self-orthogonal subcode 
of and choose any linear irreducible character x : ±if — > ±1 with x(— e°) = — 1. Let 
F x be a one dimensional ii-module such that e a p = x( e °0P f° r P £ -^x? a G if. Take any 
ft, 1 = 0, |, ^ such that ^L-word of (ft*) is (3. Then [/ = ®L(\, ft) © F x is an T-module. 
Define the module vertex operator Y u ((®u l ) © e a , z) for u % G Ma 1 on U and (a 4 ) G H by 

(0 n =iJ aV2^ (ui)Z))0%(eQ) (51) 

and extend it to all elements in M# linearly. By Remark 5 and the associativity (4.19), 
we have: 

Lemma 5.2 Y u (v, z) are all well defined for v G M# and they satisfies the derivation, 
the associativity and the mutually commutativity. In particular, U is an Mh -module. 

We denote the above M#-module by U((h 1 )) © F. Let D be an even linear binary 
code and assume that D is orthogonal to h(U). We will define an induced M^-module 
X = Ind^(f/(/i i ),x) from U((ti), X ) as follows: 

Let {P 1 = (bj), . . . , (3 s = (bf)} be a transversal of H in D, then {eF : % — 1, . . . , s} is a 
transversal of if in Z). Set 

A = ©(/^d/hM^ + |) ® (e^ ©^ F x )}, (5.2) 

where ft* + ^ denotes the fusion rules for Ising models. Since e /3+/l ®j 1 F x = e l3 ®F x for 
h E H and (ft 8 + |-) = (ft 4 ) for (b l ) E H, X does not depend on the choice of transversal 
of H in D and X becomes an M^-module. 
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We define the module vertex operator y(-u 7 ® e 7 , z) of u 1 <g> e 7 by (®/)(-u 7 , z) on the 
first term and e 7 on the second term for 7 G D, where (®/)(w 7 ,z) is as in (4.34). We 
denote this module by Ind^°(U). We will show that these actions are all well defined 
and they satisfy the commutativity, the derivation and the associativity. Namely, we will 
prove the following: 

Proposition 5.2 Ind^ D H {U) is an Mo-module. 

[Proof] First, we assume h(U) = (l n ). Then, X = ®U((±)i) © Q, where Q is 
a -ft'-module induced from F. Since (®I)(u a , z) satisfies the derivation, the supercom- 
mutativity (4.16) and the superassociativity (4.19), Y(u a © e a ,z) satisfies the deriva- 
tion, the commutativity and the associativity. Hence, X is an Mo-module. We next 
assume that h(U) = (0 n ). Then, H = {(0 n )} and F = F x is a trivial module and 
X = ®U(h l + b l /2) ® e^ is isomorphic to M/ h i\ +D . Hence, X is also an M^-module. 
We next treat the general case. By the permutation of coordinates, we may assume 
h(U) = (0 S 1*). Let S n be the set of all even words of length n. Since D is orthog- 
onal to (0 s 1*), D is a subcode of S s © S t . Divide the coordinates into the first s co- 
ordinates and the last t coordinates and set H = H° © H 1 , where H° = {(0 s )} and 
H 1 = {(a s+1 , ...,a s+t ) : (a*) G H}. Clearly, U = T s © U 1 as M H o © M^i-modules, where 
T s = ©f =1 L(§, h l ) is an M^o-module and U l = ©|+* +1 L(§, is an M H i-module. Clearly, 
we see 

/n<-(C/) C indE^tf) C /n^ o (T s ) © /^(C/ 1 ). 

As we showed, Ind^ s ^ o (T s ) is an M^-module and Ind^f^^U 1 ) is an Ms t -module. We 
hence have an M^^- module Jn<i^ sffiSt (U), which is also an M^-module containing 
Ind^/^iJJ). Therefore, the module vertex operators satisfy the commutativity, the deriva- 
tions, and the associativity. Since Ind^(U) is invariant under the actions of M D , we 
have the desired results. I 

Since q 1 for 7 G D — H acts regularly on the set of irreducible T-modules U with a 
Yg-word ft, we have that if M^-module X contains a M^-module U, then X has to have 
the above structure on it. Therefore, we have proved the following theorem. 

Theorem 5.2 Let X be an irreducible M^-module with a —word (3. Set K = {a G 
D\a C f3} and let H be a maximal self- orthogonal subcode of K . Then there is a pair 
{{h l ), x) °f a lowest weight row h = (h 1 , h n ) and a linear character x of H such that 
X = Indium, X ))). 
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As corollaries of the above theorem, we have the following results: 

Theorem 5.3 Let X be an M^-module with a —word h. Set K = {a G D : a C h} and 

let H be a maximal self-orthogonal subcode of K . Then the Mp-module structure on X is 
uniquely determined by an Mn-submodule of X . 



Corollary 5.2 Let D be an even binary linear code containing a self-dual subcode E. 
Assume that X is an irreducible M E -module with a —word (3. Set K = {a e D\a C 
f3} and H = {a E K\{a, (3) = for all (3 G K H E}, then X = £ikP ® T l as Ms- 
modules, where M l are non-isomorphic Ms-modules and T % are irreducible H-modules. 
In particular, the multiplicity of M % in X is \j\E + H : E\. We note that the actions of 
Me and Mh are not always commutative. 

[Proof] Let H' be a maximal self-orthogonal subcode of K containing K l~l E. By 
the above theorem, there is an irreducible M#/-module U = ®L(|,/i l ) such that X = 
Ind M D f (U). Clearly, U is irreducible as T-module and T C M E . Let M 1 be a irreducible 
M E -submodule of X containing U . Let M denote the M s -submodule generated by all 
irreducible M^-submodule isomorphic to M . Then by Theorem 5.2, we obtain 

M 1 = ]T U(h* + bj) ® e pi ® F. 

fieE/HnE 

Clearly, as T-submodules, we have 

M C Epe(E+K)/H> U(h l + b{) ® ® F 

= E^ & (K+E)/(E+H')(E^ & (E+H')/H'U(h i + b\ + ^f) <g> e^e? <g> F 
= E^e(K+E)/(E+H')(E f 3^ E/iEnH , ) U(h i + bl) <g> e^Y^ <g> F 
= E-yie(K+E)/(E+H>) M 1 ^ 3 ® F. 

It follows from direct calculation that M 1 e y3 <8> F is isomorphic to M 1 if and only if 
7 J G -ft" and (7-?, /3) = for all (3 G E D iC We hence have the desired decomposition and 
multiplicity. I 



5.3 Fusion rule of M^-modules 

Let us calculate the fusion rule of M^-modules in this subsection. Restricting Proposition 
11.9 in [pij| into our case, we have: 
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Theorem 5.4 Let E be a subcode of D. Let W 1 , W 2 , W 3 be irreducible Mrj-module and 

U 1 ,U 2 irreducible M^-submodules ofW 1 and W 2 , respectively, then there is an injection 
map: 

( W 3 \ ( W 3 \ 

: Im °\w" w 2 )^ Ime W u 2 )- 
( w 3 \ 

[Proof] For /(*, z) G I Mo I and v G U\ 

I'{y,z) = I(v,z) lV 2 G Hom^^^z.r 1 }. Set = I'(*,z). Clearly, G 

( W 3 \ 
Im e I ^ 2 ) anc ^ nence we have a map 

( W 3 \ ( W 3 \ 

Clearly, is a linear map. We will show that <fi is injective. Namely, we will prove that 
if I{y,z)\u2 = for all v G U 1 , then I(*,z) = 0. By the commutativity of intertwin- 
ing operators, we see = (z\ — z 2 ) N Y 3 (u, Zi)I(v , z 2 )w = (zi — z 2 ) N I(v, z 2 )Y 2 (u, z\)w 
for all u G M D and w G U 2 . Suppose I{v , z 2 )Y 2 (u, Z\)w ^ 0, there is an integer r 
such that I(v, z^u^^w ^ and I(v, z 2 )Y(u, zi)w = I(v , z 2 )(J2i=o{ u -i+ r -i w ) z V r )- How- 
ever, since (zi — z 2 ) N I(v, z 2 )z[Y(u, Z\)w = for a sufficiently large integer N, we obtain 
(— z 2 ) N I(v, z 2 )u r _iw = by substituting into Z\ and so we have I(v, z 2 )u r ^iw = 0, 
which contradicts to the choice of r. Hence, I(v , z 2 )Y 2 (u, Zi)w = 0. Since the set 
{u m w : m G Z,w G Md,w G U 2 } spans W 2 by Proposition 4.1 in [ DM |, we have 
I(v, z 2 )w = for all w G W 2 . For u G M D , v eU 1 , w eW 2 and n G Z, 

I(«„f, z)« = -Res zi {(zi - 2;) n F 3 (u, Zi)/(t>, z)w - {—z + zi) n I{v , z)Y 2 (u, Zi)w} = 0. 

Hence, it follows from the associativity of intertwining operators that I(v, z) — for all 

As a corollary of the above theorem, we will prove the following fusion rule. 

Theorem 5.5 Let X be an irreducible M^-module with a -^-word h(X), then the tensor 
product 

M a+D x X 

is an irreducible Mo-module. Furthermore, if h(X) is orthogonal to a, then the inter- 
twining operators I (v, z) of type ( a+D J are in Hom(X, M a+ rj x X)^, z^ 1 ]] for all 

\ M a+D X J 

v G M a+ E>. Namely, the the powers z in I(v,z) are all integers. Ifh(X) is not orthogonal 
to a, then I(v,z) G Eom(X, M a+D x X)[[z, z~ l \\z^ . 
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[Proof] Set a = (a 1 ) and K = {(3 G D\(3 C /i(X)}. Let [/ be an irreducible Mo- 
module such that 

Im d ,, 7^0. By Theorem 5.1, we have a decomposition X — (Bp^b^eD/K 

\ M a+D X J 

Q 13 ) as a direct sum of irreducible M^-modules Q 13 <g> X 13 , where Q 13 are irreducible K- 
modules and X 13 = <S>L(^, h l + b l /2) are irreducible T-modules for some h = (h l ). Simi- 
larly, we have U = ©(Q 7 ®^ 7 ) with irreducible i\-modules Q 1 and irreducible T-modules 
IP = ti + b l /2 + a*/2). By Theorem 5.4, we obtain 

d " n ( mZ X ) £ d " n ( M„5 W ) ' 

where 7 = a + p. For q a ®e a G M a+K , the intertwining operator I(q a ®e a , z) is expressed 
by 

A® ((®/)(gV)®e a ) 

for some fc x /c-matrix A. Moreover, the powers of z in © e a , z) are in Z + a) by 
(4.35). It follows from the commutativity of intertwining operators that A satisfies the 
relation 

A(f)(s) = ip(s)A (5.4) 

for all s G K, where and ip are the representations of K on Q 13 and Q J , respectively. 

Since and ip are irreducible, A is uniquely determined up to the scalar multiple and so 

( U \ ( U \ 

we have dim/ MD < 1. If dim/ MD = 1, then as we showed 

\ M a+D X J \ M a+D X J 

the X-module Q 13 is isomorphic to Q 1 and so the M^-module structure on U is uniquely 
determined by Theorem 5.3. I 



6 Hamming code VOA Vh% 

6.1 Definition of Vhs and its twenty four conformal vectors 

An interesting property of the above construction is that the full automorphism group of 
M D has a normal subgroup which is a 3-transposition group. A 3-transposition group is 
a group generated by a conjugacy class of involutions and the product of any two invo- 
lutions in this class has the order less than or equal to three. Especially, if D contains a 
[8, 4, 4]-Hamming code H 8 as a subspace, it defines new sixteen rational conformal vectors 
of central charge \ and so we have new automorphisms given by conformal vectors (see 
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Definition 11 An even binary linear code Tig with the generator matrix 



H 



( 1 1 1 1 1 1 

1 1 

110 

V i o i o i o 



1 \ 

1 
1 

o / 



(6.1) 



is called the [8, 4, 4] Hamming code. 



We can construct a VOA Mh s from [8, 4, 4]-Hamming code H$ by the tensor products 
of SVOA M and denote it by V# 8 . Let {e 1 , e 8 } be a set of coordinate conformal vectors. 

In TCs, there are fourteen codewords of weight four. By the direct calculation, we can 
obtain the following: 



Lemma 6.1 For a four-point set £ ; we write vfi = ® in this section to simply the 
notation. Let a and (3 be four-point sets. Then u a ,uP G (Vh%)i an d we have: 



(u a ) 1 (« a ) = 2(E i6 «e < 







[VT)xU h 

(u a ,u( , ) = 6 atP . 



if \a n f3\ 
if a n /9 = 
and 



(6.2) 



As we showed in [|M2|, we can construct conformal vectors as follows: 



Theorem 6.1 In Vhs, we have the following conformal vectors with central charge ~: 

s a = he 1 + --- + e 8 ) + ^ £ (-i) {a,f>) q P ®eP (6.3) 
8 8 pec, \p\=4 

for a word a. This is defined by the co-code 7i\/H%, that is, s a = if and only if 
a — (3 G H%. In particular, we have sixteen new rational conformal vectors. By the direct 
calculation using Lemma 6.1, we have (s a , s") = if and only if a + (3 has even weight. 
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Namely, we obtain the following three sets of eight mutually orthogonal conformal 
vectors of Vhs- 



{e 1 , ...,e 8 }, {s 13 : \/3\ odd weight }, {s a : \a\ even weight }. (6.4) 

We can take \y\ = (10 • • -0), v% = (010 • • -0), z/§ = (0 • • -01)} as the set of represen- 
tatives of the odd weight cosets of Zf/ H$ and \i>\ + v\ = (0 • • • 0), v\ + 1^2, v\ + ^s = 
(10 • • • 01)} as that of even weight cosets of Zf/f/g. 

Definition 12 VKe will use the following notation in this paper. 

d j = s u 1+ uj j or j = 18 an d 

(6.5) 

p = 8 "i for i = l . 8. 



By the direct calculation using Lemma 6.1 and the results in |M1|, we obtain the 
following lemma. 



Lemma 6.2 There are exactly three sets of mutually orthogonal 8 conformal vectors with 
central charge | in Vhs- 

[Proof] Clearly, since H$ has no codeword of weight 2, (Vhs)i = by the definition 
of code VOA. Suppose false and let {g 1 , g 8 } be another set of 8 conformal vectors. 
Viewing Vhs as a < g 1 , ...,g s >-module, there is no ^) since J29 l is the Virasoro 
element and the weights of elements in Vhs are integers. Therefore, g % are all of type 2 
and so we have < e\ g J >= 1/32. Since 

{V H s)2 = Ce 1 + • • • + Ce 8 + £ OuP, 

/3eC,|/3|=4 

if we set g = a%e% + oPu^ , then we have = 1/8. Calculating < g l , g % > and g\g % by 
using (6.2), we have {g 1 , g 8 } is equal to {f 1 , / 8 } or {d 1 , d 8 }. I 



It is a routine work to see the action of cr e . on s a . 
Lemma 6.3 a e ^(s a ) = s a+u \ 



34 



[Proof] 

a ei (s a ) = a ei {|(E^) + |(E(-l) <a ^)} 

= |Ee* + E(-l) <a, ' J> (-l) <,/1 '^ > w /S 
= |Ee* +J2{-l) <a+Vi >P > u f5 

_ s Vi+a 

Namely, each involution a ei permutes the new sixteen conformal vectors regularly. We 
want to note one more thing. Since [8, 4, 4]-Hamming code is the only one self-dual doubly 
even code of length 8, V# 8 is still isomorphic to Vh s as < f 1 , / 8 >-modules. 

6.2 Irreducible Vff8 _m °dules with Z/2 lowest weights 

Let Vhs be a code VOA constructed from H 8 and {e 1 , e 8 } the set of coordinate confor- 
mal vectors. In this subsection, we will study the fusion rules of irreducible Vns-modules 
having lowest weights in |Z. Let W be an irreducible V^s-module and (3 its ^-word. By 
Lemma 5.1, (3 G H 8 . In particular, \/3\ = (mod 4) and so the lowest weight of W is in 

If L is an irreducible Vffs-uwdule with integer lowest weight, then there is no ^ entry 
in a lowest weight row since the sum of entries in a lowest weight row is an integer and 
so we conclude L = Ea^a as T-modules. Since the ^-word of L is (0 8 ), a T-module 
structure on L determines the V^g-module structure uniquely and so L = M a+Hs for some 

aez 8 2 . 

Before we treat irreducible modules whose lowest weights are half-integers, we will 



prove the following lemma by the similar argument as in Theorem 6.12 in Ml . 



Lemma 6.4 Let V = E^o ^ ^ e a VOA over R satisfying dimVo = 1 and V\ = 0. 
Assume that V has a positive definite invariant bilinear form (*, *) and e and f are two 
distinct non- orthogonal rational conformal vectors with central charge |. Assume further 
that T e fixes f and tj fixes e. If L is a V -module such that L is isomorphic to a direct 
sum of ^) as <e>-modules and < f >-modules, then there is a conformal vector d 
with central charge ~ such that L has no ^) as <d>-modules. 

[Proof] As in the proof of lemma 6.11 in ||M1|| , we have a, (3 G V2 satisfying ea = 
and ef3 = \fi such that / = \e + a + j3. In the proof of Lemma 6.11 in ||M1|| , we proved that 
A = I and is a conformal vector with central charge j^. Since oi\ and e\ acts on L, so 
does Pi. It is easy to see that rf=|e + a — P is also a conformal vectors with central charge 



35 



|. Since the lowest weights of |a is one of 0, J^, JL ||, ||, by the representation of 
L{jq, 0), d cannot have ^ as an eigenvalue on L. Hence, d is a conformal vector satisfying 
the desired conditions. I 

If L is an irreducible V^g-module with half-integer lowest weight, then L = (J2 a M a ) + 
QL,®i=i Li (his)) as ^-modules and so we have L = M a+H8 or L = £®? = i#(§, Te) as 
T-modules by the fusion rules (1.1). If L = M a+ n s as T-modules, then L = M a+ H s as 
Vfl-g-modules as in the case of integer lowest weight. H L = J2 ® 8 = iL % (^, then there is 
a set of mutually orthogonal conformal vectors, say {d 1 , d 8 }, such that L is isomorphic 
to M a+ H8 for some a 6 Z* as < d 1 ,...^ 8 >-modules by Lemma 6.4. So, we have the 
following classification. 



Theorem 6.2 If L is an irreducible Vn%-module with half-integer or integer lowest 
weight, then L is isomorphic to one of the followings: 

(1) M Ul+Ui+ H8 for i — 1, 8 as < e 1 , e 8 >-modules, 

(2) M u . +H8 for i — 1, 8 as < e 1 , e 8 >-modules, 

(3) M Ui+ H8 for i = 1, 8 as < f 1 , / 8 >-modules, and 

(4) M Ui+ H8 for i = 1, 8 as <d}, d 8 >-modules. 

Here Vi denotes the word (0, • • • , 0, 1, 0, • • • , 0) whose ith entry is 1 and the others are all 
0. All irreducible modules in (3) and (4) are isomorphic to ® 8 =1 -C/(^, ^) as 
< e 1 , e 8 > -modules. 



[Proof] We have already proved that L is isomorphic to one of the modules in the 
list. We also showed that M u . +Hs is isomorphic to (8) 8 =1 L(|, as < f 1 , f 8 >-modules 
in M. , 



Definition 13 We will use H(h l , a) to denote the above modules, that is, 
H(^,a) = M a+ H8 as < e 1 ,..., e 8 >-modules as in (1) and (2), 
H(jj:,a.) = M Ui+HS as < J 1 ,...,/ 8 >-modules as in (3) if f l = s a and 
H(jq,(3) = M Ui+H 8 as < d 1 ,...^ 8 >-modules as in (4) if d l = s 13 , 

where s a is given in (6.3). Consequently, we have exactly thirty two irreducible Vjjg- 
modules with lowest weights in Z/2. 

The next lemma is clear by the definition. 

Lemma 6.5 H(h, a) = H(k, (3) if and only if h = k and a — (3 G H 8 . 
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Remark 7 The lowest weights of modules in (2), (3), (4) are \ and those of the modules 
in (1) are one. The modules H(^,a) is characterized by the following properties: 

(i) H(j-;, a) = <S>L(j, as T-modules. 

(ii) The vertex operator of on H(-^,a) is (— l)( a,/ ^/(-u /3 , z). 
6.3 Fusion rule of Vhs 

In this section, we will determine the fusion rules of the irreducible V^g-modules with 
lowest weights in Z/2. In the previous section, we showed that such irreducible modules 
are 

[H(±,a), H(^,(3) : a,^Z^| (6.6) 
We first prove the next lemma. 



Lemma 6.6 If a is an even word, then H(^,a) = M a+Ha as < f 1 , f s > -modules. It is 
also true for < d 1 , d 8 >. 

[Proof] By Lemma 6.3 and Definition 12, we have o- ei (f l ) = d l for all % and a ei fixes 
all H(\,a). Hence, it is sufficient to prove the lemma for < J 1 ,...,/ 8 >. Without loss 
of generality, we may assume a = {1,2}. The lowest weight of H(\,a) is one and the 
lowest weight space has a basis {u {12} , u^ u \ u^ e \ u< 78 >}, where {1234}, {1256}, {1278} 
are the set of four point codewords of H 8 containing {12}. Hence, H(\,a) = Mp +H& 
as < Z 1 ,...,/ 8 >-modules for some (3. By the direct calculation of the eigenvalues of 
S P = |w+ 1 E 7 eH 8 ,| 7 |=4(-l) </3 ' 7> M 7 on H(\, a), the eigenvalues of s Ul and s U2 on -u^ + 
M {34} +M {56} +M {78} are the game i and those of o^grs are o. Hence, H{\, {12}) = M {12}+Hfi 

as </ 1 , / 8 >-modules. I 

By Theorem 5.5 and Theorem 6.2, we have the following theorem. 

Theorem 6.3 IfW is an irreducible Vus-module, then the tensor product H(h,j3) x W 
is an irreducible module for any h and (5. 

Remark 8 Let v G H(h,/3). By the direct calculation, we have 
(z 1 -z 2 ) N Y(s a ,z 1 )Y(u\z 2 )v 

= ~ z 2 ) N \Y(w, z x )Y(u\ z 2 ) + Epec, m=4 (-l) {a ^Y(u^ Zl )Y(u\ z 2 )}v 
= \{ Zl - z 2 ) N {Y(u\ z 2 )Y(w, z x ) + Epec, m=i {-l)^ p) Y {u\ z 2 )Y{u\ z x )}v 
= ( Zl - z 2 ) N Y{u\ z 2 )Y(s a+ \ Zl )v 



(6.7) 
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Hence, the action ofY(s a ,z) on Y(vP ', z)H(h, f3) is same as Y(s a+1 ,z) on H(h,j3). So 
we have all actions of s a on if(|,7) x U. 

As a corollary of Theorem 6.3 and Remark 8, we have: 

Corollary 6.1 The fusion rules of Vns- m odules {H(^,a), H(j^,a)} are 

H{\,a)xH(\,(3) = H{\,a + (3), 

H(±,a)xH(±,/3)=H(±,a + /3) and (6.8) 
H(±a)xH(±/3) = H(la + /3). 

[Proof] Changing the set of coordinate conformal vectors, it is sufficient to calculate 
the tensor product H(^,a) x H(h,(3). We have already proved that H(^,a) x H{h,f3) is 
an irreducible module by Theorem 5.5. Since the action of V(s 7 , z) on Y (u a , z)H(h, j3) is 
same as Y(s 1+a , z) on H{h,f3) by Remark 8, we have the desired fusion rules. | 

Theorem 6.4 If ' h = \ and a is an even set and a H 8 , then Vhs © H(h, a) has a 
simple VOA structure on it. If h = ^ or a is odd, then Vhs © H(h, a) has a simple 
SVOA structure on it. 

[Proof] Since the fusion rule H{h, a) x H{h, a) = Vhs has a single component, the 
structure is unique. If h — \ and a is even set, then V = Vhs © H(^,a) is a subspace 
of M s , where S is the code consisting of all even words. Since S is an even linear code, 
Ms has a VOA structure on it with positive definite invariant bilinear form, so does V. 
If h = jq or a is odd, then we may assume that h — \ and a is odd by Definition 13. For 
an odd word a, Vhs © H{\, a) is a subspace of M z « and M s fl (V H s © H(\, a)) = V H s- 
Since M z ™ has a SVOA structure on it with the even part M s and the odd part M s+a , 
we have the desired conclusions. I 

6.4 VOA structure and fusion rules 

In this subsection, E denotes a self-orthogonal subcode of D and we assume that E is a 
direct sum E = ®E l of Hamming codes E l and U = ®H(h l , a 1 ) is an M^-module such 
that M E © U has a simple VOA structure. We next show that the induced M D -m.od\x\e 
also has a simple VOA structure. 



38 



Theorem 6.5 If Me@U has a simple VOA structure on it, then so does M £>© Ind^(U) . 

[Proof] Let (M D , Y°) be a code VOA and (M E ®U, Y 1 ) a simple VOA. Since UxU = 
Me and U x Me = U, the vertex operator Y x {u, z) of u G U has an expression 

where I\u, z) G Hom(£7, M E ){z, z" 1 }, and J 2 (m, 2) G Hom(M B , C/){z, z" 1 }. 

Set IT = Ind^ (U) and let Y w be an induced module vertex operator. We first show W x 

U° \ ( U° 

^ 0. Then I Mf 

by Theorem 5.4 and so U° contains Me = U x U as M^-modules. Since the M^-module 

structure of C/° is determined by an M^-sub module by Theorem 5.3, we see U° = Me- 

Since M^-module Mo has only one irreducible submodule isomorphic to M E , we have 

/ x ( M D \ 

W xW = M D and there is a non-zero intertwining operator I(*,z) G I ( TJ7 TT7 J. We 
will next define vertex operators 



W = M D . Let U° be an M D -module with I Md MO. Then J Me ( TT TT ) ^ 



G End(M D ©/n^(f/))[[^^ 1 ]] 

of v e W = Ind^{U) satisfying the derivation and the mutually commutativity. We 
miner onerator z) G I I 

W M D 



( W \ 

also have an intertwining operator /'(*, z) G J I since IT x = Me x IT. 



^(«.*) = ( V „ w , ] (6-11) 



We therefore obtain a vertex operator 

Y(v,z) = ( rlf ° , I(V ' Z) ) GEnd(M D ©PT)[[^z- 1 ]] (6.10) 

of v G IT. By the properties of intertwining operators, Y(v, z) satisfies the derivation and 
the commutativity and the associativity with the vertex operators 

Y°(u,z) 
Y w (u,z) 

of u G M D . By the construction, M s -module Ind^(C/) contains only one irreducible 
submodule isomorphic to [/ and U x U = M E . Hence, if we restrict this vertex operator 
to that of v G M E (BU, then it should be equal to the vertex operator Y x (v, z) G End(M s © 
U)[[z, z' 1 ]] of v G M E ®U by multiplying some scalars to z) and J'(t>, 2). In particular, 
there is a sufficiently large integer iV such that 

( Zl - z 2 ) N Y(v, Zl )Y(v, z 2 )w = ( Zl - z 2 ) N Y(v, z 2 )Y(v, Zl )w (6.12) 
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for w G Me © U. Since Y(v,z) satisfies the commutativity with Y(u,z) of elements 
u G M D , we have 



[zi - z 2 ) N ( Zl - z 3 ) N (z 2 - z 3 ) N Y(v, Zl )Y(y, z 2 )Y{u, z 3 )w 
= {z x - z 2 ) N ( Zl - z 3 ) N {z 2 - z 3 ) N Y(u, z 3 )Y(v, Zl )Y(v, z 2 )w 
= {z x - z 2 ) N { Zl - z 3 ) N (z 2 - z 3 ) N Y(u, z 3 )Y(v, z 2 )Y(v, Zl )w 
= ( Zl - z 2 ) N (z x - z 3 ) N (z 2 - z 3 ) N Y{ Vl z 2 )Y(v, z x )Y(u, z 3 )w 



(6.13) 



for a sufficiently large integer N. Hence, by multiplying a power of z 3 and substituting 
into z 3 , we obtain 

(zi - z 2 ) N Y(v, zi)Y(v, z 2 )u r w = (z\ - z 2 ) N Y(v, z 2 )Y(v, Zi)u r w, (6.14) 

where u r w ^ and u r+ iiu = for all i > 0. Substituting this into the above, we see 

(zi - z 2 ) N Y(v, zi)Y(v, z 2 )uiW = (zi - z 2 ) N Y(v, z 2 )Y(v, ZxjUiW (6.15) 

for all i. Since {uiW : u G M D , w G M E © U} spans whole space M D © W by Proposition 
4.1 in [ DM ], Y(v, z) satisfies the commutativity with itself. It is clear that it satisfies the 



other conditions required to be a vertex operator of VOA. We note that we don't need to 
prove the associativity of Y(*, z). It is also clear that (V, Y) is simple. I 

Let X be an irreducible M^-module and assume that an irreducible Mg-submodule 
of X is isomorphic to ^)f =1 H(h\P 1 ) for some h l G {-, ^} and (3 % G Z|, where n = 8k. 
We will calculate the fusion rules of X with others. Let a 1 be an -L-word of X. In order 

Id 

to simply the notation, we assume a 1 = (l 8s 8 ^ fc ~ s ^). Namely, we will assume the following: 
Hypotheses I 

(1) Let D be an even binary linear code with length 8k and E a self-orthogonal subcode 
of D. 

(2) Assume that E is a direct sum ffi^i?* of Hamming codes E % . 

(3) Let U be an il^-module a 1 ) ® ■ • -®H(±, a 3 ))® (H{\, a s+1 ® • • • <g> H{\, a k )). 
and set M 1 = Ind*g(f/). We note that a 1 = (1^0^-*)) i s a ^-word of M 1 . 

(4) Let M 2 be an irreducible M^-module with a ^-word a 2 . Set a 3 = a 1 + a 2 . 

(5) Set = {(3 G D|/9 C a 1 } and assume E + fT 2 = E + K 3 . We note that contains 

Remark 9 We will explain the meaning of the last assumption. Choose a G K 2 , then 
there is an f3 a G E such that a + (3 a G K 3 . Set 7 = a 1 H a 2 , 7 1 = a 1 — 7 and 7 2 = a 2 — 7. 
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The above relation implies that a fl h = f3 a H h since (a + f3 a ) fl 7 = 0. Since a + (3 a E K 3 
and a 1 + A 2 fl 7 = 0, we /iai>e a + /3 Q C a 3 = a 1 + a 2 and so a + (3 a fl 7 = 0. // a G -ft' 2 , 
£/ien a = (a fl 7) U (a fl 7 2 ) and 7 fl 7 1 = 0. Hence, for a, £ G i^ 2 , we obtain 

< a, 7 >= (a n 7, ^ n 7) + (a n 7 2 , ^ n 7 2 ). 

Similarly, we have 

=< & >= n 7 1 , & n 7 1 ) + (/5a n 7, /3 7 n 7) 

/or fiaifiz e ^ since is self- orthogonal. Hence, if (a, 7) = /or a, £ G i^ 2 , t/ien 

(an 7, en 7) = (an 7 2 ,en 7 2 ) 

and 

(^n 7 1 ,^n 7 1 ) = (/3 a n7,/9 7 n7). 

Therefore, we obtain 

( a + f3 a ,^ + f3 ( ) = (anf + ^n^enf + ^ny) 

= (a n 7 2 , £ n 7 2 > + (/5a n 7 \^n 7 1 ) = 0. 

Namely, if H 2 is a self- orthogonal subcode of K 2 , then {f3 a : a G H 2 } is also a self- 
orthogonal. In particular, if H 2 is a maximal self- orthogonal subcode of K 2 , then there is 
a maximal self- orthogonal subcode H 3 of K 3 such that E + H 2 = E + H 3 . 

We will prove the one of our main theorems. 

Theorem 6.6 Under Hypotheses I, M l x M 2 is irreducible. 

( M 3 \ 

[Proofl Let M 3 be an irreducible Mn-module such that I Mn , <, 7^ and 
l J » Md \M x M 2 ) T 

U 2 an irreducible M^-submodule of M 2 . Clearly, a 3 is the ^-word of M 3 . Let H % be 
maximal self-orthogonal subcode of K l such that E + H 2 = E + H 3 by Remark 9. Assume 
first that D = E + H 3 . Then M 2 and M 3 are both irreducible M^-modules by Theorem 
5.1 and we have 

( M 3 \ ( M 3 \ 

dim I Mn 1 o < dimI M „ „ = 1 

y M M 2 j ~ \U M 2 j 

by Theorem 5.4. We therefore obtain M 3 = U x M 2 as M^-modules. Choose a nonzero 

M 3 \ . . / M 3 \ 



1, x ( M 3 \ , x 

intertwining operator 7 (*,z) G Jm b I ^ ^ 2 )■ Then for I(v,z) G 7m d 



M 1 M : 



2 / ' 
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there is a scalar A such that I(v,z) = XI l (v,z) for v G U. By the commutativity of 
intertwining operator 

= (zi - ^F 3 ^, zx) J( v , z 2 ) W = ( Zl - z 2 ) N I(v, z 2 )Y 2 (u, Zl )w, 

we have 

= (^i- z 2 ) N XY 3 (u, Zl )l\v, z 2 )w = ( Zl - z 2 ) N M\v, z 2 )Y 2 {u, Zl )w 

for all v G U, u G and iu G M 2 and for a sufficiently large integer iV. Hence, the 
action y 3 (w, z) of u G on M 3 does not depend on the choice of A and it is determined 
by Y 2 (u,z) and I 1 (v,Z2)- Therefore, the structure of M 3 is uniquely determined and 
M 1 x M 2 is irreducible. 

We will next prove the general case. Assume H = E + H 3 ^ D. Let U l and U 2 
be irreducible M#-sub modules of M 1 and M 2 , respectively. Then the tensor product 
U 1 x U 2 is an irreducible M#-module as we showed and hence M 3 contains f/ 1 x U 2 as 
Mj^-submodule. Therefore the M^-module structure on M 3 is uniquely determined by 
Theorem 5.3 and so M 1 x M 2 is irreducible. ■ 



7 Construction and uniqueness of VOA structure 

In this section, we will show a new construction of vertex operator algebras. We will define 
a Fock space V containing M D and then show that the vertex operators of elements will 
be automatically determined by its representations. 

7.1 The setting 

We will assume the following Hypotheses II (1) ~ (8). 
Hypotheses II 

(1) D and S are both even linear codes with length 8k. 

(2) (D,S)=Q. 

(3) For all a G S, the weight |a| is a multiple of eight. 

(4) For any a G S, D contains a self-dual subcode E a such that E a is a direct sum 
E a = ®i =1 E l a of Hamming codes E l a . Assume that H a = {(5 G E a : (3 C a} is a direct 
factor of E a containing a. 

(5) Set K a = {f3 G D : (3 C a} and assume that for any two G 5, K a + Hp = 
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K a +I3 + Hp. 



Let {a 1 , a*} be a basis of S. For each j, E a j is a direct sum ^ =1 E l aj of Hamming 
codes and U aJ = <S>i =1 H(hl, /3f) is an Me ^ -module with a ^-word a- 7 . 

(6) We assume that M E , © LLj has a simple VOA structure on it. 

As we showed in Theorem 6.4, if (3 is even, then Vhs © H(^,f3) has a VOA structure 
and if h — ^ or /3 is odd, then V# 8 © H(h,(3) has a SOVA structure. Hence, (6) is 
equivalent to : 

(6') \{i : h{ = jq, a\ is odd }| = (mod 2) for all j. 
Set 

This is an irreducible M D -module. By Theorem 6.5, M D (&V a * has a simple VOA structure. 

By Theorem 6.6 and the above hypotheses, V 01 ' x V a3 is irreducible. Set V al+aJ = 
ya i x ya\ gy ^ e symmetry of the fusion rule and the uniqueness, it is equal to V a3+al . 
In order to simplify the notation, we will denote a 1 + a- 7 by a for a while. The ~ 
word of V a is a and there is a self-orthogonal subcode _E Q in D such that is a direct 
sum of Hamming codes E l a by the condition (4). Hence V a is also an induced module 
Indu? (U a ) for an irreducible M^-module U a = ®H(h j ,(3 j ). We can therefore define 
the tensor product \/ afc+a ' +a3 = y al+a3 x V ak uniquely. Repeating these steps, we can 
define all M D -modules V a for a £ S by 

V a = (■■■(V an x V aJ2 ) x •••) (7.1) 

for a = a jl + h a : ' v with ji < ■ ■ • < j r - 

We assume the associativity: 

(7) V a does not depend on the order of products. 

It is easy to see that (7) is equivalent to the associativity of product of three elements: 
(V al xV a3 )x V a " = V al x (V a3 xV ak ). (7.2) 
By the definition of V a and the assumption (7), we have: 
Lemma 7.1 V a x V? = V a+l3 . 
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At last, we assume that the commutativity of intertwining operators: 



(8) For P(*,z) G I 



V a V 13 




we assume that the 



powers of z in z) and / /3+Q? (*, z) are all integers and they satisfy the commutativity, 
that is, for v G V a , we assume 



where V° = M D . 

Under the above Hypotheses II (1) ~ (8), we will show that a vertex operator Y(v, z) 
for every element v G V is automatically determined. 

7.2 Construction of vertex operators 

Let dim 5 = t and set Si =< a 1 ,..., a* > for % = 0,1,...,*. Set V i = ® aeSi V a . We 
will define a vertex operator Y(v,z) G End(V)[[z, z' 1 }} of v G V 1 inductively. Since V a 
are all M^-modules, the vertex operators Y(v, z) of v G V° = M D on V are already 
determined and they satisfy the mutual commutativity. Assume the vertex operators 
Y(w,z) G End(V)[[z, z~ l ]\ of elements w G V r are already determined and they satisfy 
the mutual commutativity and we will define Y(v,z) G End(V)[[,2, z^ 1 ]} for v G V r+1 . 
Decompose V r+1 = V r © W as ^-modules, then W is an irreducible U r -modules and 
W = (BpeSr+i-SrV 13 - Set a = a r+1 G S r+ i—S r to simplify the notation. By the assumption 
(6) and Theorem 6.5, M D © V a has a simple VOA structure and denote it by 



( Zl - z 2 ) N I?(v, Zl )I^ a (v, z 2 ) = ( Zl - z 2 ) N I? +a (v, z 2 )I?(v, Zl ) 



(7.3) 



for sufficiently large integer N. 



Set 



(7.4) 



(M D ®V a ,Y a ). 



(7.5) 



We first prove: 



Lemma 7.2 W x W = V r as V r -modules. 



[Proof] Let U be an irreducible U r -submodule of W x W. By the same arguments 
as in the proof of Theorem 5.4, we have 



dim/yr ( | < dim/ Mn f , „ ) (7.6) 

\W W ) ~ \ V a V a+I3 ) 
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for any (3 G S r and hence U contains V a x V a+l3 = V 13 as M^-modules. Therefore the 
V-structure on U is uniquely determined and so U = V r . I 



By the same arguments as in the above proof, (&ses r V S+tl is an irreducible K r -module 
and we have: 

W x (®ses r V s+ ^) = ®ses r V 5+ ^ +a , (7.7) 

which is also an irreducible V^-module. As we showed in the proof of Theorem 5.4, we 

can induce every intertwining operator in 

T ( ® 5 es r V 5+a+ ^ 
1 v 

intertwining operator 

/ yS+a+-y \ 

P(*,z) G lyr ( Tjr ^ yS+-y J ^ or eacn ^ e S/S r such that 

, Z)\ Vl + a G i M D l y a y^ 



mien wimng operator m 

-a+7 \ / y8+a \ 

y 5+J J from one in Im d [ y a y5 J' Namely, we can choose a nontrivial 



W 



P{*, z)\vi G J Md [ y a V1 \ and P (*, 
Since P(*,z) is an intertwining operator, it satisfies the commutativities: 



( Zl - z 2 ) N Y-< +a (u, z 1 )P(v a , z 2 )w = ( Zl - z 2 ) N P(v a , z 2 )Y\u, z,)w (7.8) 
for v a EV a ,uE V r , w G ®8es r V"< +5 and 

( Zl - z 2 ) N Y\u, Zl )P +a (v a , z 2 )w' = ( Zl - z 2 ) N P +a (v a , z 2 )Y^ +a (u, Zl )w' (7.9) 

for v a eV a ,ue V r , w' G ®ses V"< +a+& . Since a VOA (M D © V a , Y a ) is given, P{*, z) G 
( W \ 

I I J is uniquely determined by the property: 

where J a (w a , z) = £ <2~ n_1 for v a G V a . Also, by the commutativity of Y a on M D ®V a , 

P(v a ,z) G / is uniquely determined. 

K J \W W ) 4 3 

Define a vertex operator Y{y a , z) G End(V)[[z, z' 1 ]] of v a G 7° by 



/ P(v a ,z) 
P(v a ,z) 



y(uV) 



\ 



P(v a ,z) 
P +a (v a ,z) 



(7.10) 



... j 
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then it satisfies the commutativity with Y(w, z) for all w £ V r as we showed. Moreover, 
the assumption (8) means the commutativity: 

(z 1 -z 2 ) N Y(v a ,z 1 )Y(v a ,z 2 )w = (z 1 -z 2 ) N Y(v a ,z 2 )Y(v a ,z 1 )w (7.11) 

for any a G S,w G V@. Therefore, Y(v a ,z) satisfies the commutativity with itself. Since 
every n(v a ,z) satisfies the derivation, so does Y(v a ,z). Using the normal product, we 
can define all vertex operators Y(v, z) of v G V r+1 , which still satisfy the mutual commu- 
tativity and the derivation. We therefore have a VOA structure on V. We next show that 
the VOA structures on V is unique. Clearly, if V has a VOA structure containing M D 
as a sub VOA, then V has the above structure that we have constructed. Since we can 
modify the difference of scalar times of J 7 (f a ,2;) by multiplying the scalar to the bases 
of ®8es r V 5+1 and (&8es r V 5+1+a , we obtain the uniqueness of vertex operators up to the 
change of basis. 

This completes the construction of VOA. 

Theorem 7.1 Under the hypotheses II (1) ~ (8), V has a unique VOA structure. 

Remark 10 Except the last two assumptions, they are conditions on the codes. So if 
we are given a pair of codes D and S satisfying the conditions (1) ~ (5) and choose 
the desired M ^-modules V a , what we have to do is to check the associativity (7) and 
the commutativity (8). We should note that these conditions are possible to make sure 
among modules generated by three modules V a , V 13 , V 1 . Sometimes, these information 
are possible to get from the known VOA. Namely, if there is a VOA V containing a set 
of mutually orthogonal rational conformal vectors {e % : i = 1, ...,n} with central charge | 
whose sum is the Virasoro element, then we obain the associativity and the commutativity 
in the decomposition V = Q) x eirr(P)V x . 
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